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Abstract
Variational Monte Carlo calculations are carried out for 4ΛΛH to ex-
plore on the possibility of its existence, using realistic NN , NNN , and
phenomenological ΛN and ΛNN interactions. We also perform calcula-
tions using FGNNand NSC97 ΛN potentials. We have demonstrated the
effect of the exchange part of the two-body ΛN interaction and three-
body ΛNN interaction on the binding energy of 4ΛΛH . Still the stability
of 4ΛΛH remains an open question and this hypernuclear system has to be
explored more, theoretically.
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After the identification of 6ΛΛHe event in E373 at KEK [1] (∆BΛΛ = 1.01 ±
0.20+0.18
−0.11 MeV), the double-hypernuclear Physics attained new horizons. This
event then became a testing ground for ΛN and ΛΛ potentials [2-6]. The first
report of probable 4ΛΛH hypernuclei from BNL, AGS experiment E906[7] has
created theoretical interest on the possibility of existence of 4ΛΛH . A stable
4
ΛΛH
system was predicted by Faddeev calculation in a ΛΛd model done by Filikhin
and Gal [3] , with BΛΛ ≈ 0.3 MeV but their four-body ΛΛpn exact Faddeev-
Yakubovsky solution , for a wide range of ΛΛ interaction strengths including the
one that reproduces the BΛΛ of
6
ΛΛHe, fails to bind
4
ΛΛH . Four-body stochas-
tic variational model calculation with the correlated Gaussian basis functions,
by Nemura, Akaishi and Myint[4] has reported a bound state for 4ΛΛH with
BΛΛ ≈ 0.4 Mev. A variational Monte Carlo calculation for the binding energy
BΛΛ of the lightest hypernuclei
4
ΛΛH was performed by M. Shoeb[5] in the four
body ΛΛpn model. A range of input ΛΛ potentials of moderate strength could
produce a particle stable 4ΛΛH for the simulated NSC97e and NSC97f ΛN po-
tentials whereas the phenomenological Minnesota ΛN potential seemed to need
much stronger ΛΛ potential to bind. In our study we have performed varia-
tional calculations on 4ΛΛH to explore the possibility of its existence. The ΛΛ
interaction is the one reliably obtained by us earlier[6] performing complete six-
body variational Monte-Carlo calculations for 6ΛΛHe using realistic interactions
with highly flexible correlations. Recently, the results of KEK E373 have been
updated ( ∆BΛΛ = 0.67 ± 0.17 MeV)[8]. Our ΛΛ interaction is based on the
earlier results of KEK E373[1].
From our calculations we find that the stability of 4ΛΛH depends on the
three-body ΛNN potential and the exchange part of the ΛN potential.
In the nuclear part of the Hamiltonian, we have used Argonne V18 NN and
Urbana IX NNN potential same as ref.[6].
The phenomenological ΛN potential consisting of central, Majorana space-
exchange and spin-spin ΛN components is given by,
VΛN = (Vc(r)− V¯ T
2
pi (r))(1 − ǫ + ǫPx) +
1
4
VσT
2
pi(r)σΛ · σN (1)
where Px is the Majorana space-exchange operator and ǫ is the exchange
parameter which we take as 0.2[9].
This is consistent slightly on the low side with the forward to backward
ratio of the low energy Λp scattering data[10]. Vc(r), V¯ and Vσ are respectively
Wood-Saxon core, spin-average and spin-dependent strength and T 2pi(r) is one-
pion tensor shape factor.
The ΛNN potential consists of a two-pion exchange and a dispersive part[9]
which arise mainly from elimination of Σ degrees of freedom.
The two phenomenological forms for the dispersive kind are, the spin in-
dependent kind, V DΛNN and the spin-dependent kind, V
DS
ΛNN . These are given
by
V DΛNN (rijΛ) =W0T
2
pi(riΛ)T
2
pi(rjΛ), (2)
V DSΛNN = V
D
ΛNN (rijΛ)[1 +
1
6
~σΛ · (~σi + ~σj)]. (3)
The two-pion exchange part of the interaction is given by[11]
2
Wp = −
1
6
Cp(~τi · ~τj){XiΛ, XjΛ}Ypi(riΛ)Ypi(rjΛ), (4)
where XkΛ is the one-pion-exchange operator given by
XkΛ = (~σk · ~σΛ) + SkΛ(rkΛ)Tpi(rkΛ) (5)
with
SkΛ(rkΛ) =
3(~σk · rkΛ)(~σΛ · rkΛ)
r2kΛ
− (~σk · ~σΛ). (6)
Ypi(rkΛ) and Tpi(rkΛ) are the usual Yukawa and tensor functions with pion
mass, µ = 0.7 fm−1
Here, Cp and W0 are ΛNN interaction parameters
The ΛN and ΛNN potential parameters for our three preferred models[6]
are listed in Table I. Cp and W0 are the strength parameters of the two-pion
and dispersive parts of the ΛNN potential.
TABLE I : ΛN and ΛNN interaction parameters. Except for ǫ, all other
quantities are in MeV.
ΛN V¯ Vσ ǫ Cp W0
ΛN1 6.150 0.176 0.2 1.50 0.028
ΛN2 6.110 0.000 0.0 1.50 0.028
ΛN3 6.025 0.000 0.0 0.00 0.000
For our study, we use low-energy phase equivalent Nijmegen interactions as
our ΛΛ potential, which is represented by the sum of three Gaussians [12,13,14]
given by,
VΛΛ = v
(1)exp(−r2/β2(1)) + γv
(2)exp(−r2/β2(2)) + v
(3)exp(−r2/β2(3)) (7)
where the strength parameter v(i) and the range parameter β(i) are taken
from [3]. For completeness, they are displayed in Table II. The values of γ
= 0.5463, 1.0 and 1.2044 correspond to Nijmegen interactions NSC97e[13],
ND(NHC-D)[15], and NEC00(ESC00 or NSC00)[16], respectively.
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TABLE II : ΛΛ interaction parameters.
β(i)(fm) v
(i)(MeV )
1. 1.342 -21.49
2. 0.777 -379.1
3. 0.350 9324
This ΛΛ potential is a soft-core type which was fitted to Nijmegen model D
by Hiyama et. al.[14]. The short range term (i = 3) provides for a strong soft-
core repulsion and the long-range term (i = 1) for attraction. The parameter γ
which controls the strength of the mid-range attractive term (i = 2) is chosen
such that the potential given by eq(2) reproduces the scattering length and the
effective range for a given model as close as possible. Though, fully coupled-
channel approach to doubly strange s-shell hypernuclei[17], predicted particle
stable bound state of 4ΛΛH , in our potential the coupling between the different
channels (ΛΛ,ΞN ,ΣΣ) have not been considered explicitly. The ΛN -ΣN cou-
pling and the ΛΣ coupling for light hypernuclei has been taken care of by the
three-body ΛNN potantial. The ΛΛ-ΞN -ΣΣ coupling for light hypernuclei is
negligible[18] and hence is not considered here.
We take the variational wave function to be of the form,
|Ψv(ΛΛ)〉 = [1 +
∑
i<j<k
(Uijk + U
TNI
ijk ) +
∑
i<j,Λ
Uij,Λ +
∑
i<j
ULSij ]|Ψp(ΛΛ)〉 (8)
where the pair wave function, |Ψp(ΛΛ)〉 is
|Ψp(ΛΛ)〉 = S
∏
i<j
(1 + Uij)S
∏
i<Λ
(1 + UiΛ)|ΨJ(
A
ΛΛZ)〉 (9)
The operator S symmetrizes the various non-commuting operators which
occur in U.
The Jastrow wave function |ΨJ(
A
ΛΛZ)〉 for the s-shell ΛΛ hypernucleus with
two- and three- body central correlations represented by various fs is,
|ΨJ(
A
ΛΛZ)〉 = f
ΛΛ
c
∏
i<Λ
f iΛc
∏
i<j<k
f ijkc
∏
i<j
f ijc |ΨJT (
A−2Z)〉A| ↓ Λ ↑ Λ〉 (10)
where|ΨJT (
A−2Z)〉 represents the spin- and isospin wave-function of the
s-shell nucleus with definite total angular momentum J and isospin T and
A| ↓ Λ ↑ Λ〉 represents the anti-symmetric wave-function of the two Λ-particles
coupled to total angular momentum zero. Correction to different fs are made
by introducing cosine correction term[6] given as,
4
f → f +
4∑
n=1
ancos
(
nπr
rd
)
forr ≤ rd (11)
where an are variational parameters. The healing distance rd is also a vari-
ational parameter.
First we perform calculations with the potential models ΛN1 and ΛN2[6]
and the results for calculation of binding energy of 4ΛΛH are presented in Table
III. The energies for 2H and 3H are taken to be -2.2246(00) MeV and -8.32(01)
MeV respectively. All the values in Table III are in MeV and SEC denotes
space-exchange contribution.
TABLE III : Variational results for 4ΛΛH and
3
ΛH with ΛN1 and ΛN2
Potential Terms 4ΛΛH
3
ΛH
ΛN1 E -2.60(03) -2.56(01)
SEC 0.37(00) 0.04(00)
BΛΛ 0.38(03)
BΛ 0.34(01)
ΛN2 E -2.53(00) -2.35(00)
SEC 0.00(00) 0.00(00)
BΛΛ 0.31(00)
BΛ 0.13(00)
BΛ(expt.) 0.13± 0.05 [19]
These results show that for the potential model ΛN1, for which the space
exchange parameter ǫ=0.2, 4ΛΛH is with respect to the deuteron energy, but
is unstable with respect to the 3ΛH energy. For the potential model ΛN2, for
which ǫ=0, it is well bound and is consistent with 3ΛH energy. For the third
potential model ΛN3, for which ΛNN interaction is absent, 4ΛΛH was found
to be unbound. This indicates that the effect of space exchange parameter and
ΛNN force is important for 4ΛΛH . Previous studies on
4
ΛΛH are subject to debate
due to contradictory results. Faddeev calculations by Filikhin and Gal[12,20]
predicted a bound 4ΛΛH with BΛΛ≈0.3 MeV using ΛΛd model whereas their
ΛΛpn Faddeev- Yakubovsky calculations found 4ΛΛH to be unbound. Again,
Nemura et. al.[4] and M. Shoeb[5] found 4ΛΛH to be bound with BΛΛ≈0.4 MeV.
Therefore we performed further calculations on 4ΛΛH using various kinds of
interactions.
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First we performed calculations on 4ΛΛH ,
3
ΛH ,
4
ΛH and
4
ΛH
∗ by taking γ =
0.681[6], ǫ = 0, Cp = 0, W0 = 0 (same as in ΛN3) and having different sets of
values of V¯ ans Vσ. These results are tabulated in Table IV. We chose the values
of V¯ and Vσ in such a manner that
3
ΛH is bound in each case. These calculations
were done to search a bound 4ΛΛH with two-body central ΛN potential. All the
energy values are in MeV and the distances are in fm.
TABLE IV : Variational results for 4ΛΛH ,
3
ΛH ,
4
ΛH
4
ΛH
∗ with different values
of Vσ and V¯
Term 4ΛΛH
3
ΛH
4
ΛH
4
ΛH
∗
Vσ = 0, E -2.83(00) -2.35(00) -11.06(01) -11.06(01)
V¯ = 6.25 BΛΛ 0.61(00)
BΛ 0.13(00) 2.74(01) 2.74(01)
Vσ = 0.1, E -2.64(01) -2.37(00) -10.87(01) -10.59(01)
V¯ = 6.21 BΛΛ 0.42(01)
BΛ 0.15(00) 2.55(01) 2.27(01)
Vσ = 0.15, E -2.44(00) -2.37(00) -10.78(01) -10.33(01)
V¯ = 6.19 BΛΛ 0.22(00)
BΛ 0.15(00) 2.46(01) 2.01(01)
Vσ = 0.2, E -2.40(01) -2.38(00) -10.69(01) -10.10(01)
V¯ = 6.17 BΛΛ 0.18(01)
BΛ 0.16(00) 2.37(01) 1.78(01)
Vσ = 0.25, E -2.30(00) -2.37(00) -10.54(01) -9.86(01)
V¯ = 6.14 BΛΛ 0.08(00)
BΛ 0.15(00) 2.22(01) 1.54(01)
Vσ = 0.3, E -2.22(00) -2.36(01) -10.44(01) -9.58(01)
V¯ = 6.12 BΛΛ -0.00(00)
BΛ 0.14(01) 2.12(01) 1.26(01)
Vσ = 0.4, E -2.16(00) -2.35(01) -10.19(01) -9.12(01)
V¯ = 6.07 BΛΛ -0.06(00)
BΛ 0.13(01) 1.87(01) 0.80(01)
BΛ(expt.) 0.13±0.05[19] -10.36(04)[*] -9.32(06)[*]
(* calculated by taking experimental BΛ and B
∗
Λ values 2.04(04)[19] and
1.04(04)[21] and the energy for 3H to be -8.32(01).)
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The Vσ vs -E graph for
4
ΛΛH ,
4
ΛH and
4
ΛH
∗ is shown in figure 1. In the figure
the energies for 4ΛΛH are taken as -(E + 6), for the sake of comparison with the
corresponding values of 4ΛH and
4
ΛH
∗. For the experimental values of energy
for 4ΛH and
4
ΛH
∗, we take the values of BΛ and B
∗
Λ from Ref.[18,19] and energy
value for 3H to be -8.32(01)[9]. It is seen from the figure that corresponding
to the experimental values of energy for 4ΛH and
4
ΛH
∗ ,-10.36(04) and -9.32(06)
respectively (calculated by taking experimental BΛ and B
∗
Λ values 2.04(04) and
1.00(06))[18,19], 4ΛΛH , is unbound.
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Figure 1: Vσ vs -E graph
Then we performed calculations for different Nijmegen interactions with dif-
ferent values of γ with ǫ=0, Cp=0 and W0=0. These results are given in Table
V. For γ=0.773, which is intermediate between NSC97e[11] and ND[13], we call
the interaction as NM[6]. The energy value for 2H for calculation of BΛΛ is
taken to be -2.2246(00).
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TABLE V : Variational results for 4ΛΛH with different Nijmegen interactions
Potential γ Term Vσ = 0.2 Vσ = 0.3 Vσ = 0.4
V¯=6.17 V¯=6.12 V¯=6.07
NSC97e 0.5463 E -2.32(00) -2.21(00) -2.09(00)
BΛΛ 0.10(00) -0.01(00) -0.13(00)
NM 0.773 E -2.53(01) -2.28(00) -2.19(01)
BΛΛ 0.31(01) 0.06(00) -0.03(01)
ND 1.0 E -2.89(01) -2.30(00) -2.23(00)
BΛΛ 0.67(01) 0.08(00) 0.01(00)
NEC00 1.2044 E -3.34(01) -2.35(00) -2.29(01)
BΛΛ 1.12(01) 0.13(00) 0.07(01)
The γ vs -E graph for 4ΛΛH is shown in figure 2. The graph shows that
-E increases with γ which is due to the fact that as γ increases, ΛΛ potential
becomes more attractive. From this graph also it is seen that for Vσ=0.3-0.4,
which includes the experimental values for 4ΛH and
4
ΛH
∗[16,17], 4ΛΛH is not
bound.
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Figure 2: γ vs -E graph for 4ΛΛH
Since Nemura et. al [4] and M. Shoeb[5] had predicted a bound 4ΛΛH , we
performed calculations with NN potential used by Filikhin and Gal(FGNN)[3]
and NSC97 ΛN potential[3], the same as Nemura et. al [4] and M. Shoeb[5]
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with which they found bound 4ΛΛH . These results are given in Table VI. The
corresponding results for Argonne v18 NN potential(same as ref.[6]) and NSC97
ΛN[3] potential are given in Table VII for the hypernuclear systems, 4ΛH and
4
ΛH
∗. In the following tables, all energy values are in MeV and all distances are
in fm.
TABLE VI : Variational results for 3ΛH and
4
ΛΛH with ǫ=0, FGNN potential
and NSC97 ΛN potential
Term 3ΛH
4
ΛΛH
NSC97e E -2.37(02) -2.57(02)
BΛ 0.15(02)
BΛΛ 0.35(02)
Ref.[5] BΛ 0.018
BΛΛ 0.37
NSC97f E -2.47(02) -2.58(03)
BΛ 0.25(02)
BΛΛ 0.36(03)
Ref[4] BΛ 0.24
BΛΛ 0.4
Ref.[5] BΛ 0.26
BΛΛ 0.41
BΛ(expt.) 0.13± 0.05 [19]
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TABLE VII : Variational results for 3ΛH ,
4
ΛΛH ,
4
ΛH and
4
ΛH
∗ with Argonne
V18 NN and NSC97 ΛN potential
Potential Term 3ΛH
4
ΛΛH
4
ΛH
4
ΛH
∗
NSC97e E -2.32(01) -2.51(02) -10.57(03) -10.38(02)
ǫ=0 BΛ 0.10(01) 2.25(03) 2.06(02)
BΛΛ 0.29(02)
NSC97e E -2.27(01) -2.30(02) -10.37(03) -10.15(03)
ǫ=0.2 BΛ 0.05(01) 2.05(03) 1.83(03)
BΛΛ 0.08(02)
NSC97f E -2.43(01) -2.54(02) -10.84(03) -10.38(03)
ǫ=0 BΛ 0.21(01) 2.52(03) 2.06(02)
BΛΛ 0.32(02)
NSC97f E -2.37(01) -2.35(02) -10.63(03) -10.12(03)
ǫ=0.2 BΛ 0.15(01) 2.31(03) 1.80(03)
BΛΛ 0.13(02)
BΛ(expt.) 0.13±0.05[19] -10.36(04)[*] -9.32(06)[*]
(* calculated by taking experimental BΛ and B
∗
Λ values 2.04(04)[19] and
1.04(04)[21] and the energy for 3H to be -8.32(01).)
From the results it has been observed that for FGNN potential and NSC97
ΛN potential, with ǫ=0 (same as Nemura et. al.[4] and M. Shoeb[5]), 4ΛΛH is
bound (Table VI). This result is similar to the results of ref. [4] and [5]. For
Argonne V18 potential and NSC97 ΛN potential (Table VII), with ǫ=0,
4
ΛΛH
seems to be bound but for ǫ=0.2, it is unbound. Thus, the question of the
existence of 4ΛΛH is seen to be dependent on the SEC in the ΛN potential.
Our calculations indicate that the exchange part of two-body ΛN interaction
is very crucial for stability of 4ΛΛH .
Also, the three-body ΛNN interaction seems to play a sensitive role towards
the stability of 4ΛΛH .Since experimentally there is no concrete evidence of exis-
tence of 4ΛΛH , theoretically, the question of stability of
4
ΛΛH is to be explored
more in future.
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